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2II. MODEWISE DECOMPOSITION OF PURE
GAUSSIAN STATES
To begin with, suppose a collection of N canonical sys-
tems or \modes" is partitioned into two sets, i.e., Alice's
A = fA
i
; : : : ; A
m
g and Bob's B = fB
1
: : : ; B
n
g, of sizes
m and n respectively. If the quantum state of the modes
is a pure Gaussian state j i
AB
, the following theorem
characterizes the entanglement between Alice and Bob:
Theorem 1: A Gaussian pure state j i
AB
for m + n

































































g are new sets of modes obtained from
A and B respectively through local linear canonical trans-




i are two-mode squeezed states

























































Before proving theorem 1, we rst review some facts
concerning the correspondence between Gaussian states
and covariance matrices. Let us represent the canonical



















assume throughout that hi = 0 for all states considered.
A generally mixed Gaussian state  describing a system
of k-modes with hi = 0 is completely specied by its
covariance matrix (CM), dened as
M = Reh 
T
i : (5)
A unitary transformation on  preserving the Gaussian
character of the state implements a linear transforma-
tion of the modes e = S, known as a symplectic (or
linear canonical) transformation S 2 Sp(2k;R). Such a
transformation preserves the canonical structure of the




, where the k-mode






















. Hence, a symplectic transfor-

















Under such a transformation, the state  is brought to a




. In particular, there
exist symplectic transformations bringing the CM to the
















are the non-negative eigenvalues of the matrix
iJ
k
M , also known as the symplectic eigenvalues. Ex-
pressed in the product Hilbert space corresponding to
the new set of modes fe
i
g for which W = Rehe e
T
i, the









































































as a consequence of the uncertainty principle, admissible




















is obtained as the limit of (9) as 
i
!1.
We now proceed with the proof of theorem 1. The
Schmidt decomposition (1) automatically yields the di-
























which are seen to be of equal rank and spectrum thus
showing that the p
a








are also unique (up to phase factors) for non-
degenerate p
a
and otherwise may be chosen to be ele-
ments of any orthonormal basis spanning the degenerate
subspace. Now, if j i
AB
is Gaussian, then the reduced




can be written in the form (8) in terms of the set of
modes bringing the local covariance matrices into WNF.
Suppose that there are s modes in A and t modes in B
with symplectic eigenvalue  6= 1=2. Since the remaining
modes factor out from the respective density matrices as






















































































































are s and t-dimensional vectors representing occupa-






























distribution of thermal parameters on each side. Now,
by our previous discussion, both density matrices have
the same rank and the same eigenvalues. This means
that there must exist a one-to-one pairing between the























neous linear map, since ~n
A
= 0 and ~n
B
= 0 are paired
(all 
0





















) satisfy (11). However, if a lin-
ear map is one-to-one then the domain and range have
the same dimensions. Thus we see that s = t, in other
words, the number of modes in A and B with symplectic
eigenvalue dierent from 1=2 are the same. Now, label


























Consider rst the case ~n
A
= f1; 0; ::0g
T
, yielding the




. By construction, this







, which is (or can be taken to be in the






= f1; 0; ::0g
T
. We thus nd

















), and by the linearity property we nd for any
~n
A












. At this point we can
repeat the procedure but applied to the subspace of the



















































. Iterating the pro-
cedure until all the components are exhausted, we nd
















































































is of the form (2).
III. ISOTROPIC GAUSSIAN MIXED STATES
Although the previous result may be proved directly
from general features of the Schmidt decomposition, it
may also be embedded in the more general framework of
mixed entangled Gaussian states. Theorem 1 can thus
be seen to be a special case of a more general modewise
decomposition theorem for a certain family of Gaussian
mixed states. To dene this family, we shall say that
a covariance matrix is isotropic if there exists a sym-
plectic transformation of the modes W = SMS
T
with











An isotropic Gaussian state may thus be dened as a
Gaussian state with an isotropic CM (An example of such
a state would be the thermal state of a set of oscillator
modes with degenerate frequencies). Note that all pure






The more general theorem is a consequence of the fol-
lowing Lemma concerning isotropic CMs:





with symplectic eigenvalue 
0
. Then there













such that upon appropriate pairing of the








































































































The diagonal elements 
i
in (15) are at the same















i diering from 
0
, and
the last block in (14) gives the CM for the remaining
modes.
Given the correspondence between CMs and Gaussian
mixed states, the following extension of Theorem 1 im-
mediately follows:






for the m+ n modes A and B may
















































g are obtained by lo-
























B respectively with diagonal isotropic
CM of symplectic eigenvalue 
0
.





























WNF. The total CM thus obtained may be written as
f








































next note a useful fact regarding isotropic CMs. If (13)




for some symplectic trans-





a symmetric symplectic transformation. Consequently,









Replacing (17) into (18), and using the fact that













































= 0 : (19c)


























































= 0. Thus we
nd that modes in A and modes B with dierent sym-









stand for the modes in A and B
with the same local symplectic eigenvalue , and group
































































is also an isotropic CM with symplec-
tic eigenvalue 
o




























































Taking the trace of equations (22a) and (22b) and using

































0 : Thus we see that the respective degeneracies of the





must be the same for  6= 
0











































































. Re-expressing K in




































in other words, O

must be an orthogonal symplectic
transformation. One can then perform a one-sided sym-
plectic transformation, say O
T

on the A-modes, leaving

































In this way, we achieve a pair-wise decomposition of the
degenerate subspace itself, where each pair has a covari-
ance matrix of the form (8). Finally, we note that for the
degenerate subspace associated with  = 
o
, in which
the degeneracies on each side are not restricted to be the
















0. Therefore, local modes with symplectic eigenvalue 
o






To conclude with, we note that it is known that for
a 1 1-mode Gaussian mixed state, the Peres-Horodecki
partial transpose criterion[11] is both necessary and suÆ-
cient [12] for entanglement and hence for distillability[13].
In the present case of a two mode CM of the form (15),









. Consequently, an isotropic
Gaussian state is entangled and distillable i at least one
of the symplectic eigenvalues of its local CMs satises
this condition.
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